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Abstract 

We analyze the symplectic and complex structures on the Panelled Web 4- 
Manifolds of [AKj. In particular, we give infinite family of examples of almost 
complex but not symplectic and not complex 4-manifolds in the non-simply 
connected case. 



1 Introduction 

Panelled web 4-manifolds are introduced in |AK] which have natural locally confor- 
mally flat(LCF) structure with negative scalar curvature. The underlying smooth 
manifolds have the nice property that they can be used to produce self-dual metrics 
with small signatures. See |AKO] for further information. In this paper we ana- 
lyze complex and symplectic structures on these type of manifolds. Summarizing the 
Theorems 12.21 12.31 12.41 and 12.51 we obtain the following result. 

Theorem A. The manifolds Mg, ; Mg n , are almost complex for all g > 0. 

Furthermore as an outcome of the search for a complex structure we get, 

Theorem 14.21 The manifolds M*, Mg n , M^ n , do not admit any complex struc- 
ture for all g > 0. 

Finally, the search for a symplectic structure yields the following. 

Theorem [Q The manifolds M], M] n , M^ n , do not admit any symplectic 
structure for all g > 0. 

It follows from the above theorems that the non-simply connected four-manifolds 
we investigated all carry almost complex structures, but they are neither symplectic 
nor complex. The first kind of example of almost complex but noncomplex four- 
manifolds was constructed by A. Van de Ven. In his paper |VdV] he proves that for a 
four manifold M, if the Chern numbers p = cf[M] and q = Qi[M] belong to a restricted 
domain then there does not exist a complex structure. Combining this with Milnor's 
result, namely if p + q = (12) then an almost complex compact manifold can be 
constructed with these p, q; he constructs almost complex but noncomplex manifolds 
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for special p and g's which are nonsimply connected and reducible, i.e. of the form of a 
connected sum. Later on A. Howard gave examples using the same method of simply 
connected almost complex but noncomplex four manifolds. Shing Tung Yau produces 
the first paralle zable manifolds of this kind using Massey products, Neil Brotherton 
provides more examples of parallelizable noncomplex almost complex manifolds using 
the same techniqes. They all depend on the fact that a compact complex four manifold 
with even first Betti number is Kahler, and the real Massey products on a compact 
Kahler manifold vanish. So they construct compact manifolds with first even Betti 
numbers and nonvanishing Massey products, so that there is no way for them to be 
complex. Here we also provide examples of four- manifolds of this kind, namely almost 
complex noncomplex and nonsymplectic manifolds but neither is parallelizable, since 
their Euler Characteristics does not vanish. In higher dimensions the existence of 
almost complex and noncomplex manifolds remains still as a conjecture. 

In Sections $2] and §H we analyze the complex structures and in Section $3] we 
investigate symplectic structures on the manifolds. 

Acknowledgements. We would like to thank to Anar Akhmedov for asking 
these questions and useful discussions. 

2 Almost Complex Structures 

The first set of manifolds constructed in [AKJ are the manifolds Mg. Here, we are 
only interested in the underlying smooth manifolds of these. For construction one 
begins with £ g ,2, the genus g surface with two holes, then cross it with the interval 
/ = [0,1], and then glue the boundary cylinders with each other with a flip. So 
one obtains the panelled web 3-manifold, and then by crossing this with S 1 and 
identifying its boundary one obtains the panelled web 4-manifold. These manifolds 
have the following characteristics. 

7T! = (ax, bi, a g , b g , c, d, e \ % frf ai&i ■ ■ ■ a~ b~ a g b g Ci ■ ■ ■ c n d~ l ■ ■ ■ d^ 1 = ede~ x c~ x = 1), 

r(M l g ) = 0, Q M i = H, x(M l g ) = -Ag. 

Moreover, they are all spin since they have even intersection form and there is no 2- 
torsion in i?i(M*; Z). The following result is a guideline for us to understand almost 
complex structures on 4-manifolds, see [GSj for references. 

Lemma 2.1 ([HHj I Wuj ) . For a given 4-manifold X , with signature t(X) and Eu- 
ler characteristic x(A) ; for any element h G H 2 {X\'L) satisfying the equation h 2 = 
3t(X) + 2x{X) and the congruence h = W2 (mod 2) there is an almost complex struc- 
ture J on TX with h = c\(X\ J). 

Our first result is the following. 

Theorem 2.2. The manifolds Mg are almost complex for all g > 0. 
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Proof. We know i7 2 (M ff 1 ;Z) = Z © Z. Say h x and h 2 are generators of H 2 (M*;Z). 
Let (a, b) = ah\ + 6/2-2 be an element of H 2 (M g ;Z). If (a, b) satisfies the above 
hypothesis we must have (a, b) U (a, 6) = 3r(AfJ) + 2x(M j? 1 ) = 3(0) + 2{-Ag) = -8g. 
But since we know from the intersection form of Mg, h\ — h\ = and h\h 2 = 1 
we get (a, 6) U (a, b) = a2h\ U /ii + &2/i 2 U /i 2 + 2abh\ U /i 2 = 2a6. So we must have 
2afe = — 8g, i.e. a& = —Ag. Then for any fixed g, let a = —2g, b = 2 so that 
/z, = —2ghi + 2/i 2 G H 2 (M g ;Z). This gives an almost complex structure on TM g 
for any g. Note that the second condition in Wu's theorem, i.e. h = w 2 (mod 2) is 
automatically satisfied for this choice of h = (—2g, 2), since we know that M g is spin 
hence w 2 = and we have h = —2gh\ + 2h 2 = (mod 2). □ 

The second set of manifolds constructed in |AK] are the manifolds M gn . Here, 
the number of CDE components is increased and the complex twist handle in the 
handlebody diagram for M g is omitted for simplicity. The fundamental group and 
the other topological invariants are computed as follows. 

7Ti = (01, h, a g , b g , ci, d x , e x , c n , d n , e n \ a^b^a^ ■ ■ ■ a g 1 b g 1 a g b g c 1 ■ ■ ■ c n d~ l ■ ■ - d^ 1 , e^e," 1 ^ 1 ) 

r(A£ n ) = 0, QM in =H, X (M 1 g>n )=A-Ag-An. 

From this set of constructions we obtain the following. 

Theorem 2.3. The manifolds M gn are almost complex for all g > 0. 

Proof. We know E 2 [M] n , Z) = Z © Z. Say hi and h 2 are generators of H 2 [M] W Z). 
Let (a,b) = ah\ + 6/i 2 be an element of H 2 (M g ;Z). If (a, b) satisfies the above 
hypothesis we must have (a, b) U (a, 6) = 3r(M ff 1 ) + 2x(M g 1 ) = 3(0) + 2(4 - 4# - An) = 
8 — 8g — 8n. But since we know from the intersection form of , h\ = h\ — 
and /ii/i 2 = 1 we get (a, 6) U (a, 6) = a2h\ U hi + b2h 2 U h 2 + 2abhi U h 2 = 2ab. So 
we must have 2ab = 8 — 8g — 8n, i.e. ab = 4 — Ag — An. Then for any fixed g, let 
a = 2 - 2# - 2n, b = 2 so that h = (2 - 2g - 2n)h x + 2/i 2 6 H 2 (M l gn , Z). This gives 
an almost complex structure on TM gn for any g. Note that the second condition 
in Wu's theorem, i.e. h = w; 2 (mod2) is automatically satisfied for this choice of 
h — (2 — 2g — 2n, 2), since we know that M gn is spin hence w 2 = and we have 
h = (2 - 2#- 2n)h x + 2h 2 = 0(mod2). □ 

In the third sequence of manifolds M gn in |AK] . another type of construction is 
used and a trivial I-bundle over a punctured annulus £ ,3 is obtained. These manifolds 
have, 

7Ti = (ai, 61, a 9 , 6 g , k, mi..., k n , l n , m n \ a^^a^i ■ ■ ■ a g 1 bg 1 a g b g c 1 ■ ■ ■ c n d~ x ■ ■ ■ d\ x ) 

r(M^ n ) = 0, Q Mln = (n + l)H, X (M 3 g< J = 8 - 8g - 8n. 
Our next result is the following. 
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Theorem 2.4. The manifolds M^ n are almost complex for all g > 0. 

Proof. This time we have H 2 (Mg n ;Z) = Z 2+2n , so that H 2 (Mg n ) is generated by 
hi,..., h 2+2n with hi U hi — and hi U = ftj+i U hi — 1. So for instance we may 
take /i = 2/ii + 2/i2 + 2/13 — 2g/i4 + 2h$ — 2nh§. With this choice of h, one can obtain 
hUh = 8-8g-8n = 3r(JWj n ) + 2 X (M 9 3 J. □ 

In the last set of constructions of Panelled Web manifolds M 4 in |AK] . many 
copies of the new building block are attached as a chain to each other. By this way 
it is found that; 

n i = (' ' ' 9u hiijii kit hi ■ ■ ' i m I kihik i 1 gi, l i 1 jihhi, gihiji, i < n) 
r(M„ 4 )=0, Qui = nH, X (M„ 4 ) = -2n. 
Our next result is the following. 

Theorem 2.5. Tne manifolds M 4 are almost complex for all g > and 1. 
Proof. We split the proof into the following cases. 

Case 1: Assume n is even; We have H 2 (M^; Z) = Z 2n , so that H 2 (M^) is generated by 
hi,..., h 2n with /ij U/ij = for j ^ i and hi U = U/tj = 1. So for n even 
we may take /1 = 2/ii+2/i 2 +2/i3-4/i4+2/i5+2/i 6 +2/i 7 -4/i 8 + ...+2/i ri _ 3 +2/i„_2 + 
2/i n _i — 4/i n so that the coefficients take the values (2,2,2, —4) repeatingly. 
With this choice of h, one can obtain hU h = — An = 3r(M 4 ) + 2%(M 4 ) and 
h (mod 2) = w 2 = 0. So, the hypothesis of Wu's Theorem is satisfied. 

Case 2: Assume n is odd, n^l and n = 2/c+l with /c even (say k = It, t £ Z); Again say 
H 2 (M^) is generated by /ii, /i2n observe that 2n > 10 since with this choice of 
n, n > 5. This time let h = h\ + h 2 + h^ + h i + h^ + ... + h 2n ^ — 2/i n _ 5 + 2£/i n _ 4 — 
2/i n _3 + 2t/i n _2 — 2h n -i + 2t/i n so that the first (2n — 6) terms have coefficient 1, 
and the coefficients for the last 6 terms appear as (—2, 2t, —2, 2t, —2, 2t). Then 
hUh = 1 + 1 + + At- At- At- At- At- At = 2n-Q-2At = 2n-6-3(8t) = 
2n - 6 - 3(4Jfe) = 2n - 6 - 3(2n - 2) = -4n = 3r(M 4 ) + 2x(M 4 ) also we know 
for all i, hi ^ w 2 = (mod 2) since /ij U h i+ \ = 1 (mod 2), but summing up 
(2n — 6) of them and adding the last terms with coefficients a multiple of 2, 
guarantees the second condition in Wu's theorem. 

Case 3: Assume n is odd, n^l and n = 2k + 1 with k odd (say k = 2t + 1, t £ Z); Let 
ft. = /ii + /12 + ft<3 + + /15 + ••• + h 2n -2 — 2h n -i + (6t + A)h n so that the first 
(2n — 2) terms have coefficient 1, and the coefficients for the last 2 terms are 
(-2,6t + 4). Then hUh = 1 + 1 + .... + 1 - 12t-8 - 12t-8 = 2n-2-24t-16 = 
2ra-2-12(2M-l)-4 = 2n-2-12A;-4 = 2n-2-6(2A; + l)+2 = 2n-2-6n+2 = 
-An = 3r(M 4 ) + 2^(M 4 ) again we get h = (mod 2). 

This completes the proof for all n such that n / 1. In fact for n = 1, M 4 are 
not almost complex since there can not exist any generator of H 2 (M^) satisfying the 
conditions of the Wu's Theorem in that case. □ 
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3 Symplectic Structures 



Next we will investigate the symplectic structures on these manifolds. We follow the 
nice survey [Li] • There is a classification scheme for symplectic 4- manifolds similar to 
that of the Kodaira classification for complex surfaces. In the symplectic case, first of 
all one needs to find a substitute for the canonical bundle of the complex surface. This 
is easily generalized. Since associated to a symplectic manifold (M,oo), there is the 
contractible space of compatible almost complex structures. Using any compatible al- 
most complex structure J we define the symplectic Chern classes c&(M, co) := Ck(M, J) 
and hence the symplectic canonical class K u := —Ci(M,u) which lies in H 2 (M;Z). 
Next for a minimal symplectic 4-manifold (M,oo) with symplectic canonical class K u , 
we define the Kodaira dimension in the following way. See [LiOl 



k(M,u) 



-oo if K u ■ [co] < or K 2 < 

if K u ■ [co] = and K 2 = 

1 if K u ■ [co] > and K 2 = 

2 if Ku ■ [co] > and K 2 , > 



We will also make use of the following theorem. 

Theorem 3.1 ([LiJ). Let M be a closed oriented smooth 4-manifold and co a symplectic 
form on M compatible with the orientation of M . If (M, oo) is symplectically minimal, 
then 

1. The Kodaira dimension of (M,co) is well-defined. 

2. (M, co) has Kodaira dimension — oo if and only if it is rational or ruled. 

3. (M, co) has Kodaira dimension if and only if K u is a torsion class. 

Notice that since all the manifolds M*, M* n , M| n , have even intersection forms 
[AKJ, they can not contain a sphere of self- intersection —1, hence they are all minimal. 
Now we are ready to prove the following. 

Theorem 3.2. All the above manifolds investigated have no symplectic structure. 

Proof. Assume that the manifolds , M* , M^ n , are symplectic, so that co is 
a symplectic form on them. We have K 2 (Mg) = 3r(M 9 1 ) + 2x(M fl 1 ) = —8g < 
0,K 2 (Ml n ) = 3r(MiJ + 2 X (M^) = 8 - % - 8n < Oforn^g > l,i^(M s 3 J = 
3r(M 9 3 J + 2 X (M3j =8-8g-8n < 0forn,g> landK^M*) = 3r(M n 4 ) + 2 X (M n 4 ) = 
—In < Oforn > 1. So all of the manifolds constructed must have Kodaira dimension 
— oo, hence by the above theorem they must be rational or ruled if they are symplectic. 
If they were rational they should be S 2 x S 2 or CF 2 ^ z kCT'2 where k is any non- negative 
integer. This can not happen since both of the manifolds M 1 , M x n , M 3 n , M 4 are not 
simply connected, so so their connected sums with kCF 2 are not simply connected 
as well. If they were ruled then they should be of the form S 2 x S 3 #A;CP2 where £„ 
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is the surface of genus g and k is any integer. This also fails to occur since the fun- 
damental groups of Mg, Mg n , Mg n , which are stated in the previos section while 
investigating the almost complex structures on them are not equal to the fundamental 
group of S 2 x S 9 #A;CP2- Therfore, they are mether rational nor ruled. So, they can 
not be symplectic. □ 



4 Complex Structures 

In this section we will study the complex structures on our manifolds. The answer 
comes in the negative. For this study we will use the Enriques-Kodaira classification 
of surfaces. This classification is certainly an accumulation of works of many people, 
see [BHPVj for references. 



Lemma 4.1 (Kodaira-Enriques Classification). Every surface has a minimal model 
in exactly one of the following classes (1) to (10). 



Class of X 


Kod 


h 


4 


c 2 


( 1 )Minimal rational surfaces 


— oo 





8 or 9 


A or 3 


(2) Minimal surfaces of Kodaira's class VII 


-oo 


1 


< o 


> o 


(3)Ruled surfaces of genus > 


— oo 


2g 


8(1 -<7) 


4(1-0)0 


(4)Enriques Surfaces 











12 


( 5 )bi- elliptic surfaces 





2 








(6)Kodaira surfaces 





3 or 1 








(7)K3 surfaces 











24 


(8) Tori 





4 








(9) Minimal properly elliptic surfaces 


1 







> o 


(10 ) Minimal surfaces of general type 


2 


= 2 


> 


> 



Next we will prove the following. 

Theorem 4.2. The manifolds Mg, M^ n , Mg n , do not admit any complex struc- 
ture for all g > 0. 

Proof. For all the manifolds Mg , Mg n , Mg n , we have already cited their charac- 
teristics in section §2J moreover we have c\(M^) = —8g, cf(Mj n ) = 8 — 8<? — 8n, 
cl(Mg n ) = 8 — 8g — 8n, c\(M^) = —2n which are all negative for n, g > 1. According 
to the Kodaira-Enriques classification this can happen only when they are either in 
the second category i.e. a minimal surface of Kodaira's class VII or in the third 
category i.e. a ruled surface S 2 x S 5 /#A;CP2 of genus g' > 0. The first case can not 
happen since minimal surfaces of Kodaira's class VII have bi — 1 which is not the 
case because b x {M l g ) = 2g + 2 ^ l,&i(Af£ n ) = 2g + 2n ^ 1A(M 9 3 J = 2g + 3n ^ 
1, bi(M^) = 2n + 1 7^ 1 for n,g > 1 ( for the Betti numbers stated we refer to [AKJ 
). We can not consider the manifolds in the third category as well since their funda- 
mental groups are different than the fundamental group of ruled surfaces. Hence, the 
manifolds Mg, Mg n , Mg n , M^ are not complex. □ 
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